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Abstract 

Motivated by brane cosmology we solve the Einstein equations with a 
time dependent cosmological constant. Assuming that at an early epoch the 
vacuum energy scales as 1/logt, we show that the universe passes from a fast 
growing phase (inflation) to an expanding phase in a natural way. 
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1 Introduction 



The cosmological constant remains one of the biggest mysteries of our uni- 
verse. Recent observations of type la Super Novae suggest that the expansion 
of the universe is accelerating now |l|]. This acceleration could be explained 
by a positive time dependent cosmological constant with Q\ ~ 0.7. This sug- 
gest that the cosmological constant is almost the same order of magnitude 
as the present mass density of the universe. 

If we accept that the cosmological constant is a time dependent quantity, 
to explain its present value it should be decaying with time. If we parametrize 
it as A = t~ n then considerations on the age of the universe constrain the 
value of n. Adopting the commonly used value of Hubble parameter H = 
73 ± lOfcms -1 Mpc" 1 [Q], the value of n is fixed to n=2. At the early stages of 
the cosmological evolution we expect the cosmological constant to be large 
but we do not know anything about its nature and how it scales with time. 

Recently the idea that we are living on a D3-brane was proposed. In this 
brane universe scenario, the Standard Model gauge bosons as well as charged 
matter arise as fluctuations of the D-branes. The universe is living on a 
collection of coincident branes, while gravity and other universal interactions 
is living in the bulk space M . For all such theories, an essential issue concerns 
the cosmological evolution of our universe. In the literature, there are a lot of 
cosmological models associated to brane universe @-[10]. In a class of these 



models, specially when there is a movement of the brane in the bulk |Q-JT0 
there is always a time dependent cosmological constant which is induced on 
the brane 



In JT^| we studied the motion of the brane universe in a type string 
background. We calculated the energy density which is induced on the brane 
because of its movement in the background. What we found is that there 
is an inflationary phase of the brane universe which is followed by another 
phase in which the scale factor a is slowing down and the energy density is 
dominated by a term proportional to , log K, 4 . We attributed this behaviour 
to "mirage" matter which is induced on the brane because of the specific 
type-0 string background. 

In this work we will study this effect in details. Our brane cosmological 
picture tells us that an effective energy density is induced which controls the 
cosmological evolution of the brane universe. This effective energy density 
plays the role of a time dependent cosmological constant. Motivated by this 
result, we will examine the effect of a time dependent cosmological constant 
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to the usual Friedman- Robert son- Walker Universe. We will consider the 
Einstein equations with a cosmological constant A(t) = and concentrate 
on the exact solutions which exhibit inflationary behaviour and graceful exit 
from inflation. 

What we found is that the universe at its early stages of evolution has 
two phases. One is of rapid expansion (inflation), with large cosmological 
constant and an energy density which decreases and reaches the critical en- 
ergy density at the end of inflation. This phase is followed by a phase of 
slow expansion during which the cosmological constant remains large. The 
transition from one phase to the other is continuous and smooth, without 
having any singularity. 

Our work is organized as follows. In section two, we discuss the general 
framework of a brane moving in the background of other branes. In section 
three we solve the Einstein equations with a time dependent cosmological 
constant, and finally in section four we discuss our results. 



2 Brane cosmology 



There are various ways to do cosmology on the brane. The more conventional 
way is to assume that the brane is static comparable to the bulk background, 
and is situated in a particular point r of the radial coordinate. Then matter 
on the brane or in the bulk can lead to a cosmological evolution of the brane 
universe. Another approach is to consider a brane moving in the background 
of other branes. Then one can show that even if there is no matter on the 
brane, the brane universe undergoes a cosmological evolution as a result of 
its movement fSfl- [f[5|l . 

The simplest way to follow such a movement is to assume that the brane 



as it moves in the bulk does not back react with the geometry. In [IT 
and we considered a probe brane moving on a geodesic in a generic 
static, spherically symmetric background [fT0|| . The metric of a D3-brane was 
parametrized as 

ds\ Q = g 00 (r)dt 2 + g(r)(dxf + g rr (r)dr 2 + g s (r)dtt 5 (1) 

In the background there is also a dilaton field $ and a RR background C(r) = 
C*o...3( r ) with a self-dual field strength. The dynamics on the brane will be 
governed by the Dirac-Born-Infeld action given by 
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+T 3 



d^^Ci + anomaly terms 



(2) 



One can show that the induced metric on the brane is [[LO 

ds 2 = 



drf + g(r( V ))(dx) 2 (3) 
with i] the cosmic time which is defined in terms of the background fields by 



dn 



\9oo\fpe 
\C + E\ 



-dt 



(4) 



The induced metric on the brane, is the standard form of a flat expanding 
universe. For this metric we can write the effective Einstein equations on the 
brane, 

R P v - ^9^R = 8nG(T^) eff (5) 

where {T^ u ) e ff is the effective energy momentum tensor which is induced on 
the brane. We have assumed that our brane is light and there is no back- 
reaction with the bulk. We expect {T^u)eff to be a function of the quantities 
of the bulk. If we now assume the usual form of a perfect fluid for the effective 
energy momentum tensor, we get from (|5]) 
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8nGp + A = -g- 2 g 2 

We can define a p e // from the relation 

87rGp + A = 8nGNp e ff 

Using equation (f|) we get 
I #oo I 



g = g 



9m 



, g 3g s e- 2 * + e 2 



grr gsgrr 



\C + E\ 
kol^e-* 



(6) 



(7) 



(8) 



where prime denotes differentiation with respect to r. To derive an analogue 
of the four dimensional Friedman equations for the expanding four dimen- 
sional universe on the probe D3-brane, we define the scale factor as g = a 2 
and then equation ([?]) with the use of (^) and (§) becomes 
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Therefore the motion of a D3-brane on a general spherically symmetric 
background had induced on the brane a matter density. As it is obvious from 
the above relation, the specific form of the background will determine the 
cosmological evolution on the brane. If we go now to a particular background 
namely of a type string, we get for p e ff |L4j] 



•>7T 



-Peff 



1 E 2 

1 - ^gEi[log2Q + Aloga] + 
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(log2Q + Aloga) 2 (\ 
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2(log2Q+4loga) 



(10) 



As we can see from the above relation, the brane universe has an inflationary 
phase corresponding to the constant term. As the scale factor a evolves, the 
term starts to contribute to p e // having the effect of slowing down the 

exponential growth. Therefore on the brane we have an inflationary phase 
which is followed by a less rapid expansion. 

The energy density induced on the brane is time dependent, because the 
brane moves in the bulk. This time dependent energy density, effectively 
acts, as a time dependent cosmological constant. One should be careful 
though of introducing a time dependent cosmological constant in the usual 
four- dimensional Einstein equations. Consider the four-dimensional Einstein 
equations with a time dependent cosmological constant A 



where G^ u = R^ u — Rg^ u /2 is the Einstein tensor and T^ u is the energy 
momentum tensor. Taking the covariant divergence of equation fllTD and 
assuming the conservation law '^J v T [iiV it follows that A = constant. There- 
fore a time dependent cosmological constant violates energy conservation in 
general relativity. 

After the recent astrophysical observations, we know that the dominant 
contribution to the energy density comes from the invisible or dark matter. 
Then one can define an effective energy momentum tensor by 
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where T^ v is the contribution of the normal matter and g^j5V is the dark 
matter component of the energy momentum tensor. Then these is no any 
compelling season why should not be conserved. 

A time dependent cosmo logical constant, except its usefulness in the stan- 
dard cosmology to parametrize the unknown nature of the dark matter |§, it 
is a very useful concept in brane cosmology. The brane as it moves, exchanges 
energy with the bulk and the presence of a time dependent cosmological con- 
stant is necessary to maintain the energy conservation. An observer in our 
brane-universe has as a dynamical variable the scale factor a. Therefore all 
the quantities in his world are expressed as functions of a and he writes the 
Einstein equations as relations (|J). For this observer the energy momentum 
tensor (T Mi ,) e yy is a well behaved conserved quantity. An observer now in 
the bulk can write the Einstein equations as the relations ([TT]) . For him the 
energy momentum tensor and the cosmological constant A are functions 
of the radial coordinate r. As the brane moves along the radial coordinate, 
there is a constant flow of energy between the bulk and the brane. The two 
pictures will coincide eventually, when the brane is in large radial distance 
and does not feel the gravitational field of the other branes. 

One can see more clearly the transfer of energy between the bulk and 
the brane in the case where the brane is "fat" and back- reacts with the 
background. Assume that the bulk is D-dimensional and contains a brane 
(domain wall). Demanding that the metric be continuous everywhere and 
that the derivatives of the metric be continuous everywhere except on the 
brane, one can derive, using the Israel equations, the equations || 

v^* = -{v,k^ - hrvpk). (13) 

where is the energy momentum tensor on the brane K^ v is the extrinsic 
curvature and is the induced metric on the brane. This equation shows 
that the energy on the brane is not conserved. Using Codacci's equation we 
get 

= -{h^T, p n p } (14) 

where T^ v is the energy momentum tensor of the bulk. This equation de- 
scribes conservation of energy as it flows from the bulk to the brane and vice 
versa. 
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3 Einstein equations with a time dependent 
cosmological constant 

Motivated by our brane universe picture, we will assume that at early stages 
of cosmological evolution, there is a time dependent effective cosmological 
constant, which scales as A(i) = and study its effect to the usual 

Friedman-Robertson- Walker universe. We will work in a homogeneous and 
isotropic Universe with the energy momentum tensor having the form of a 
perfect fluid with pressure p and energy density p. In accordance to equation 
we define an effective pressure p and an effective energy density p from 



A 



p = p 



P = P 



8ttG 
A 

8^G 



The field equations ([Tl]) and the energy conservation give 



. 2 8nG 2 A 2 
a = -^—pa + —a - k 



j- (p« 37 ) 

da 



a 37 \ dA 



StiG' da 

In deriving equation (|17D we have taken as an equation of state 

P= (7- l )p 



(15) 

(16) 
(17) 

(18) 



with 7 = constant. We get the dust-dominated universe for 7 = 1 and the 
radiation-dominated universe for 7 = 4/3. Differentiating equation (|T6|) and 
using ( |TTD we get 

3l "- - (W) 



8ttG 



a 



1 



pa + —a 



3 V 2 

The above equation shows that if 7 > 2/3 a positive p acts to decelerate the 
expansion, while if 7 < 2/3 the density accelerates the expansion. Combining 
equations fll&D and fllPD we get 



2 = 11 

a 



+ Aw 1 



2 



(20) 
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This is the equation that governs the behavior of the scale factor in the 
presence of a cosmological term A. Introducing H = - we obtain from ( |20| ) 

2 2 V 2 / a 2 K ' 

We will work with spatially flat universes and in this case because k=0 the 
last term of equation ([H]) drops off leaving a special case of Riccati's equation 
UJ]. Defining a new variable x from the relation 

H=(-Y- (22) 

equation (fH|) becomes 



- - = (23) 

x 4 

We take A(t) = — ^- and to set a time scale, we know that the inflationary 
period of the universe is well before the nucleosynthesis. Therefore our as- 
sumption is valid until a cutoff time t c , the time before the nucleosynthesis 
starts, 

f -At when t < t c ,„ A 
A = { l f (24 
[ A c when t > t c 

where A is a constant. This choice of t c is consistent with our brane world 
picture. We expect that this time dependent effective cosmological constant 
will receive various contributions from other interactions, mainly gauge in- 
teractions, at later cosmological evolution stages. Substituting A of (|24j) in 
the equation (|23|) we get 

{logt)x — ax = (25) 
where a = f 7 2 A We go again to a new variable z, defined by t = exp(—bz q ) 



where b and q are constants. Then equation (p5|) becomes 

z 2- q d*X + / x _ q + x dx + abq 2 xe -2W = q (26) 

dz 2 v 7 az 

We are looking for solutions of the above equation for various values of the 
parameters q, a, and b. To simplify our solutions we fix q=l. Before we 
discuss in detail the solutions, let us assume that we have a solution x(z) of 
the equation (|26|) . Then using the transformation t = e~ bz we get x(t) and 
from ( |2"2"D the scale factor is 

a (t) = [x(t)] 2/37 (27) 
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To solve equation (PB|) we first consider the case where b =1. Then t = e 



and equation fl26|) becomes 

d x doc 6 . , 

7? + Tz +a — * = ° < 28) 

This equation cannot be solved analytically. Nevertheless for small values of 
z equation (ESI) can be approximated by the equation 



d oc d*t; oc __ j _ _ < 

7? + T z +a l = ° < 29 » 

This equation can give exact solutions for various values of a. If a = ±1 we 
get the following solutions 

x(z) = c\t~ z z + C2e~ z zT(— 1, —z) when a = 1 , . 

x(z) = zc\ + ciMeijerG when a = — 1 

Where c\ and C2 are constants to be fixed by initial conditions, end MeijerG 
is the Meijer G function G 2 ^{z l^i )• Equation (|28"D for large values of z can 
be approximated by the equation 

d oc doc o „ „ , s 

_ + _ + ae -* I = (31) 

This equation can be solved analytically and for a = ±1 we get two solutions 

x(^) = ciCos(e~ 2 ) + c 2 sjn(e" 2 ) w/ien a = 1 , > 

= C\Cosh{e~ z ) + ic2sinh(e~ z ) when a = — 1 

We will discuss first the case of a = 1. Inserting the solutions for a = 1 
in (|27D we get 

a(t) = c[t 2 ^ (-logt) 2 ^ small t . . 

=c' 1 (cost) 2 /^ /ar^e t ( j 

We have absorbed the factor 2/37 m to the definition of and have put 
C2 = 0. This solution does not have an inflationary phase and therefore we 
do not discuss it any further. For a = — 1 using (|27D we get 



a{t) = d^-logtft^ large t 

a (t) = 4(e 4 + e~ t ) 2 ^ small t [ ' 
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where again we have absorbed the factor 2/37 m t° the definition of c[ and 
have put c 2 = 0. This is an interesting cosmological solution. The universe 
in an early epoch has two phases: one is rapid expansion (inflation) with 
positive cosmological constant A and a slow expansion phase also with pos- 
itive cosmological constant. The crucial question is how these two phases 
are connected. We performed a numerical investigation of equation (p8|) for 
a = — 1 and for a wide range of values of z. What we found is that the two 
phases are connected in a smooth way in the sense that the scale factor a(t) 
is passing from one phase to the other without having any singularity. 

Another interesting question is for how long the inflation lasts. We can 
answer this question calculating the number of e-foldings. The number of 
e-foldings is given by 

N = I ' H(t)dt (35) 



*/ 
k 

where t{ is the time when inflation starts and tf the time it ends. Using 
equation (|22|) and the solution for x(z) from (|32|) we get 

2 , coshtf ,„„,. 

N = —In -± (36) 

37 coshti 

Demanding A^ > 60 we get 

cosht f > coshUe 90 ^ (37) 

To satisfy the above equation for a very small time ti, 7 should be positive 
and very small. This value of 7 is consistent with the "inflationary zone" 
7 < I and the expectation that during inflation, the pressure p is negative. 

We can also find how the energy density varies during the two phases. Us- 
ing (|3~4D, the equation for the energy density ( |T7| ) becomes for the inflationary 
phase 

^ + 2 ^ + 2iW(^) = ° <38) 

Note that the energy density does not depend on the initial conditions of the 
scale factor but only on 7, and the initial value of p. A numerical analysis of 
the above equation shows that as the universe expands the energy decreases. 
To solve the flatness problem, we expect the energy density p at the end of 
inflation to reach p c which is given by 

3H 2 , . 

*=aS? (39) 
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Ii our case if we define = and use (|16j) we get for k=0 



IW-1| = ^ (40) 
Then using (p^ ) with the solution x(z) from (^) we get 

The right hand side of this relation tends to zero for " large" times where our 
approximation is still valid and the inflation terminates. Therefore p — > p c 
as expected. 

For the slow expansion phase, the energy density is given by the equation 

p 4 1 

P + 2 W^T) + 247TGV (t {logt) 2) = ° (42) 

We expect that during this phase the reheating starts. The vacuum energy 
remains positive and is increasing providing the energy for the reheating. 

The second class of solutions are generated by taking b = — 1. These so- 
lutions are similar to b = 1 case, but we are giving them for the completeness 
of our discussion. In this second case the equation ( |2BD for small z can be 
approximated by 

dz 2 dz z 

giving the solutions 

x(z) = C\z + ciMeijerG when a = 1 , , 

x(z) = c\e z z + cit z zY[— 1, z) when a = — 1 



where MeijerG is the Meijer G function Gfo^ — z |§ i )■ For large z, using an 
equation similar to fl3ID we get 



x(z) = c\t %eZ — \c 2 ie %eZ when a = 1 
x(z) = c\e eZ — \c2%e~ eZ when a = — 1 



- ' (45) 



For a = 1 we can not get any meaningful solution because x(z) from equation 
(|45| ) is imaginary. For a = — 1 the scale factor is 

a(t) = c'^tlogt) 2 ^ small t . . 

. . , 2* (46) 
a(t) = c\e^ large t 
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Again here we have an interesting cosmological solution with two phases one 
of rapid expansion and the other of slow growth connected in a smooth way. 
Note that inflation occurs at late cosmological times. 

4 Discussion 

We have studied the Einstein equations with a time dependent cosmological 
constant. What we have found is that when A(i) = — ^- there are exact 
solutions of the Einstein equations which exhibit two distinct phases of the 
cosmological evolution. The first phase is an inflationary phase and the 
second is a slow expanding phase. These two phases are connected by a 
smooth way without any singularity. Such cosmological evolution can be 
realized in a brane universe scenario. In a situation where a probe brane is 
moving in the gravitational field which is produced by other branes, a time 
dependent cosmological constant will be induced on the brane, which drives 
the inflation and at later times terminates it. 

Our model resembles the old DeSitter model. In that model the vacuum 
energy is constant. This constant vacuum energy can drive the universe to 
a flat geometry but this evolution if it is allowed to continue will eventually 
produce an empty universe. 

In our model the vacuum energy is time dependent and has a large value 
comparable to its present value. Our aim was to show that the inflationary 
phase terminates and the scale factor follows a slow expansion in a continuous 
way. For this reason we cut-off the vacuum energy for some time before the 
nucleosynthesis. We do not know how the vacuum energy will evolve for 
later times and reach its present value. This is consistent with our brane- 
world scenario, which is the motivation of this work. We expect that the 
vacuum energy will receive various contributions from other interactions, 
mainly gauge interactions at later cosmological times. 

We had studied some very basic tests of our model, like the duration 
of inflation and how the energy density varies with time. A more detailed 
phenomenological analysis is needed and problems like the reheating of the 
universe should be answered. Finally a more general form of the cosmological 
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